Abstract. − Many models used in management and economics are based on an arithmetic basis. Moreover, the imperfection of generally available information in these disciplines has led to numerous decision support systems based on fuzzy arithmetic. However, their practical use did not have success expected, because their output were generally too imperfect to help a manager with relevant information. This paper outlines a computational method for decreasing the imperfection of the output of fuzzy arithmetic models. We suggest an approach aiming at integrating into the arithmetic models fuzzy information still not taken into account: the vague knowledge of the interaction potentially existing between the two variables of an arithmetic operation (addition, subtraction, division or product). Thanks to the modelling of three standard relations, we propose a solution towards an interactive fuzzy arithmetic, which reduces the imperfection of the output to help the decision maker. We apply this approach to the choice of investment by the criterion of the Net Present Value resulting from a Discounted Cash-Flows Analysis.
Introduction
Since the 70s-80s, many fuzzy logic-based models in management or economics have been developed in research literature. These theoretical works were grounded on the following motivation: fuzzy logic is a more relevant mathematical framework to deal with the kind of imperfect information generally available in management or economics: uncertain and imprecise (Gil Aluja, 1995) . For instance, forecasting in management is more often confronted with judgements than with accurate statistical data.
However, a major obstacle seems to have hindered concrete application by the enterprises of these theoretical works: the output imperfection. Namely, fuzzy-input-based models generate automatically a fuzzy output, which may be useless in a decisionmaking process. Part of that imperfection comes from the inputs -the so-called "natural imperfection". But another part is due to the use of the fuzzy operators, and is designed as the "artificial imperfection". Arithmetic models particularly, very much used in economics and management, generate an important artificial fuzziness harmful for the relevance of the output information.
The approach described in this paper aims at the decrease of artificial imperfection in fuzzy arithmetic models. We apply this approach on the Discounted Cash-Flow Analysis. We shall begin by presenting this widely management tool used into finance, accounting and decision problems (Sect. 2). Then, after a short presentation of basic fuzzy arithmetic (Sect. 3), we will propose a means of decreasing imperfection by modelling an available knowledge hardly taken into account: the interactivity between variables (Sect. 4). Finally we will present an illustrative application on the discounted cash-flows analysis (Sect. 5).
The DCF model

Presentation
The Discounted Cash-Flows (DCF) method appears to be the most popular methodology for assessing the economic value of investments. Investing means spending money today (the invested capital) in order to recover revenues after several years that the net balance will be positive. As more than one year is involved, the effect of time on this net value must be taken into account. The criterion of the Net Present Value, based on the Discounted Cash-Flow Analysis, is a very useful tool of decision-making. A common formulation stands as follows:
with NPV: Net Present Value, Ft: Revenues -Cost and/or Investments, r: Discount rate, representing the expected profitability of the investment, as given the risk level assumed.
This approach, which is very efficient and consistent with the whole financial theory, raises some problems: the evaluation of the variables and the dependency between variables.
The significance of relations for modeling
There exist many kinds of relations between variables of economic and management models. Generally managers are inclined to neglect the relations of dependency between the variables. Many investment decision-making analyses suffer from such a drawback. However, those relations do exist and may have a significant effect on the choice. The following example illustrates that problem (taken from J.P. Frenois, 2001) : sales are the
product of a quantity and a price. But quantity and price are not independent variables: the higher the price the lower the global demand and the sold quantity. If that relation is considered, the volatility of sales decreases, as illustrated by Figure 1 . The first histogram represents the sales distribution of the new product, when no relation between price and quantity exists, while the second histogram illustrates that distribution when correlation is -1. Even if the averages are equal, both distributions are very different: standard deviation has decreased by -58%. Ignoring negative correlations between two positive (or two negative) variables leads to an overestimation of the volatility of the project. Ignoring positive correlation has the opposite effect. This problem is due to the frequent impossibility to statistically calculate the correlation coefficient. Therefore the calculation of the forecast cash flows and discount rate over a period of several years is difficult, even impossible, to be determined precisely. That is the reason why many models have been then developed under the fuzzy logic mathematical framework.
Fuzzy Discounted Cash-Flows
The fuzzy set theory was introduced by Zadeh (1965) to deal with problems in which a source of vagueness is involved. The basic concepts of fuzzy sets and arithmetic operations are briefly introduced (a complete presentation may be found in Klir, Yuan (1995) ), followed by their application to the DCF models. 
Basic Fuzzy Arithmetic concepts
A fuzzy set can be defined mathematically by assigning to each possible individual in the universe of discourse a value representing its grade of membership in the fuzzy set. This grade corresponds to the degree to which individual is compatible with the concept represented by the fuzzy set. The membership grades are usually represented by real numbers in the [0,1] interval (Fig. 2) .
A special case of fuzzy sets is widely used: if a fuzzy set A, with the associated membership function defined on ℜ, which is normal and convex (∀ x, y ∈ ℜ and ∀ λ ∈ [0,1], µ A (λx + (1 -λ)y) ≥ min (µ A (x), µ A (y)) then A is a fuzzy number. A fuzzy number is a trapezoidal fuzzy number (TFN) if its membership function can be represented as (see Fig. 3 (Aladenise, Bouchon-Meunier, 1997) .
Then, the formulae of classic fuzzy arithmetic are applied to the TFN (L 0 , L 1 , U 1 , U 0 ). Zadeh's extension principle is now used to calculate membership function after mapping fuzzy sets through a function. The extension principle is defined as follows:
Let fuzzy sets A 1 , A 2 , … A n be defined on the universes X 1 , X 2 , …., X n . The mapping for this input sets can be now defined as B = µ (A 1 , A 2 , … A n ), where the membership function of the image B is expressed as: 
This principle enables us to extend the classic arithmetical operations to fuzzy numbers:
Given: X, fuzzy number defined by {i, µ x (i)}, Y, fuzzy number defined by {j, µ y (j)} then:
where: * is one of the following operations: +, -, × , /, min, max.
When applied to TFNs, formula (1) leads to easy arithmetic calculation:
such as:
where: * is one of the following operations: +, -, × , /, min, max. Many Fuzzy Discounted Cash-Flows models (based on first Buckley's paper, 1986) have been developed as an alternative to the conventional models, where either deterministic or probabilistic cash flows and discount rates are used. 
Fuzzy logic enables us to assess fuzzy data that take better into account of the imprecision and uncertainty of human judgements about forecast cash flows and discount rates. But this model (as well all derived models, e.g. Karsak, Tolga, 2001 ) is based on a sequence of fuzzy arithmetic operations, which generates artificial imperfection.
Namely a strong drawback of models based on basic fuzzy arithmetic must be stressed: these models do not consider error compensation and some technical approximations increases the artificial imperfection (Dubois, Prade, 1985, p. 23) .
One point is frequently put aside: formula (1) is valid only if both variables are noninteractive (Dubois, Prade, 1985) . In the opposite case, the general formulation is the following one:
The "non-interactivity" condition means that all couples (x, y) are assessed, because no specific relation R between X and Y is assumed: then R (x, y) = 1, ∀ x, y ∈ ℜ. But some combinations may not have a real sense, because x and y may not occur together. Now such an imperfection may be harmful for decision-making purposes. From a management perspective, the reduction of imperfection constitutes a top priority. For instance, the cash flows and the discount rate being regarded as non-interactive, the model must take all combinations into account, even if they have non-sense in reality. For a decision-making utilisation, this artificial fuzziness may be prejudicial, because it increases the number of alternative decisions. The significance of the relation between the variables in management leads us to suggest a way of dealing with interactivity into fuzzy arithmetic models as presented in the following section.
Proposal for an Interactive Fuzzy Arithmetic
This section presents an Interactive Fuzzy Arithmetic (IFA). This approach aims at reconciling both the computational advantage of the TFNs and the decrease of the output 
through the interactivity. After the presentation of the general process on specific relations, generalizations are explored.
Basic functions
Generally, managers do not know the precise relation existing between the variables. However, they know whether this relation belongs to one vague category such as a noninteractive, an increasing or a decreasing profile. This kind of information is very often the only available data. Therefore, we will start by studying three standard relations: Let's define: X, Y TNF, a relation R (X, Y), and the operator *, designing +, -, ×, /.
• R (X, Y) is non interactive: no specific relation between X and Y is assumed,
If the NON-INTERACTIVE relation is put aside (for which µ (x, y) = 1, for any x ∈ X and any y ∈ Y), the problem is then to model the two other categories.
The starting point of our approach is illustrated by Figure 5 . It is based on a simple positioning of the core and the support of the relation.
For instance, in a case of an increasing function, couples (x, y), with x near L 0 x and y near U 0 y have a null possibility. Conversely, couples (x, y), with x near U 0 x and y near U 0 y are fully possible. The difficulty lies in the meaning of « near », which raised the question of the segmentation of the support of each variable. A necessary condition for the standard relations must be filled: no particular area of the matrix should be privileged, which means that the segmentation process must preserve symmetry.
Basic structure
Decreasing the imperfection of the output by using the relations between the inputs means that we intend to diminish the support and/or the core of the relation R (X, Y), in order to limit the number of possible combinations (x, y). We decided to segment the support of each variable to have a set of values that will be then combined. We adopted a segmentation into 10 categories, which may facilitate calculations and accelerate the processing time (Convention 1).
Naturally, those 10 categories define, for each variable, 11 bound-values Bx i , i = {1, 2, … 11}. For each kind of function (increasing or decreasing), the positioning of 0-values and of the 1-diagonal is given by Convention 2: Figure 6 illustrates Convention 2 for both relations.
Matrix of combining values
On a second step, values L 1 and U 1 defining the core of each variable, are added to the 11 bound-values of the basic structure. These values are included on each axis, with a rank corresponding to their value. They do not modify the basic structure, but enable the model to increase the number of combinations X*Y. This method gives the advantage of increasing the robustness of the output and enables us to consider the BFA approach as a specific case of the IFA, with R (X, Y) non interactive.
The membership of these values to R(X,Y) is obtained by the extension of the basic structure, according to Convention 3:
Convention 1
Segmentation of each support into 10 categories The application of the three conventions leads to a 13 × 13 matrix and whose elements are the 0-valued and 1-valued membership degrees of the relation R (X, Y). (See Fig. 7 for an example).
Support and core of the relation R (X, Y)
The matrix of the combining values enables us to define the support and the core of the relation R (X, Y).
Let's define = {1, 2, … 13}. Then:
, is given by the following formula: Let's define: 
270
By Then:
• The core of X*Y, noted [L 1 (X*Y), U 1 (X*Y)], is given by the following formula: Let's define:
An illustrative example is given in Figure 8 .
This approach is the basic IFA. The following sections give an evaluation and a generalization.
Advantages and limits
First, the main advantage of the calculation on the TFN given by formula (2) is that only four data L 0 , L 1 , U 1 , U 0 are necessary. The IFA approach conserves this property.
L 0 (x*y) = min i, j (S) and U 0 (x*y) = max i, j (S) (4)
The values x × y with a 0-membership degree have been suppressed. Then, we presented the IFA as an approach that reduces the artificial imperfection. What are the results?
In order to measure the decrease in imperfection, we suggest to use the following entropy (Dubois, Prade, 1988, p. 23 ): E = Σ i µ (x i ). Applied to a TFN, it corresponds to the area of the trapezoid: "Area Entropy"
With a few exceptions (for instance a decrease by 20% for the addition -resp. subtraction -of two triangular fuzzy numbers -i.e. a TFN for which: L 1 = U 1 -, with a decreasing -resp. increasing -relation) the decrease of imperfection on one operation cannot be a priori determined. Namely it depends on the following factors:
• the kind of arithmetic operation,
• the kind of function (increasing or decreasing),
• the positioning of the cores of variables X and Y on their axis of categories. In practice, however, a decrease of imperfection between 30 and 50% is recorded when the IFA is applied to management models, that are usually made up numerous operations (See the application in section 5).
However, that approach raises a difficulty due to the normality of the output X*Y. A fuzzy set X is normal if there exists at least one element x ∈ X such as µ (x) = 1. In real management contexts, this property makes certain that at least one solution is fully possible. It enables also the calculation process to have always TFNs as outputs that may be used as inputs for further operations. By nature, the BFA approach leads to normal solutions X*Y. But when the IFA is used, this property may not be conserved: it is possible that no couple (Bx i , By j ) meets simultaneously the three conditions given by formula (5). This limit of the basic IFA approach will be suppressed by the generalization as presented in the following section.
Generalization of the IFA
It is possible to generalize the basic IFA approach to benefit from various profiles of relations. Namely, the number of incompatible combinations may be more or less significant depending on the nature of the relation between both variables of the operation. Then two management problems can differ only because the level of knowledge of the relations is different. For instance, for some periods in one year, there may exist a strong decreasing relation between price and quantity, whereas, for other periods, this relation is weaker, because the customers at that time are captive customers. The basic IFA does not take into account that diversity of knowledge levels.
The generalized IFA is based on various positioning on the matrix of the relation R (X, Y) of (as illustrated by Fig. 9 ):
• 0-values: by bringing the diagonals of 0-values nearer to the diagonal of 1-values of the basic position, the number of possible combinations is decreased (the support of the relation), which leads to a decrease of imperfection of the output X*Y;
• 1-values: by bringing the diagonals of 1-values nearer to the position of the 0-value of the basic position, the number of possible combinations is increased (the core of the relation), which leads to an increase of imperfection of the output X*Y. We then obtain, for each of both functions (increasing or decreasing), a continuum of 19 levels of knowledge, from total ignorance (level 0: non interactivity, which equals to the BFA approach) to the very precise knowledge (level 18: crisp linear relation), with level 9 corresponding to the basic IFA. We note X * (+ k) Y (resp. X * (-k) Y) the operation * by the IFA of two TFN X and Y linked by an increasing relation (resp. decreasing) of level k.
Moreover, the generalized IFA enables us to settle the problem of normality: if one output X*Y has no core, for a given k-level of knowledge, then you try the (k -1) level, until a core is found.
The precision proposed potentially by the available 19 levels of knowledge must not delude managers. One subject cannot discriminate a vague relation, for instance, of level 13 from another of level 14. The model must propose a scale with a small number of well-differentiated levels (see the example used for the DCF model in section 5). Moreover, this scale must be context-dependent, that is to say specifically adapted to the studied problem. Namely, in some cases, the average level of precision should be regarded as very demanding in other cases. The number and the smoothness of the 19 kinds of relations may allow the modeling of relations adapted to various contexts.
Application
Let's demonstrate the IFA approach on the FDCF via a numerical example. Let's suppose an investment decision making based on the criterion of the Net Present Value between two projects X and Y.
DCF Modeling
Project X is a middle-market product, with a price slightly high, a cost structure weighting variable costs. Project Y is characterized by a mass-market product, sensitive to the price and produced in large quantities, demanding a higher initial investment, with a cost structure mainly based on fixed costs. The initial data are collected by the experts' method and are shown in Figures 10 and 11 . Both projects are also different according to the relations between their variables. We used the following scale for the assessing of levels of knowledge of the relations:
By using this table of correspondence, information collected amongst the managers leads to the following evaluation:
• Relation price-quantity As product Y is very sensitive to the price, the manager provides a very strong decreasing relation between both variables (-12). As for product X, this decreasing relation is assessed at moderate (-6).
• Relation revenues-charges Charges include fixed and variable costs. The increasing relation between charges and revenues is then stronger for a structure with a strong proportion of variable costs. The manager assesses this relation at a strong level for X (+9) and moderate (+6) • Relation discount-rate-cash-flows The discount rate used by a project takes a risk factor into account. Project Y is a priori more risky than project X (higher initial investment, higher forecasted level of sales, etc.). The manager assesses a weak increasing for project X (+6) and a very strong increasing relation for project Y (+12).
• Relation CF n and CF n + 1 Scenarios may differ from year to another: if one year is good, next year may be bad (saturation of demand), or, on the contrary, the next year may be best (phenomena of inertia). A relation between following years may exist. Let us suppose that the manager assesses that relation at weak increasing for X (+3) and strong increasing for Y (+9).
Then, the DCF model of each project stands as follows:
Evaluation
The Net Present Value (NPV) calculated for each project by the classical formula makes both projects equivalent ( Fig. 10 : 96 484 Euros for X and 98 082 Euros for Y). Nevertheless, this average value is not sufficient for a decision-making. This value may be reached according to various levels of risk that are specific to each project. The method of scenarios enables the manager to differentiate between the projects according to their level of risk. It generally assesses 3 kinds of scenarios:
• Probable scenario: it presents average values, as illustrated by the classical calculation.
• Pessimistic scenario: the NPV is calculated by combining the most unfavorable values for each variable. These values correspond to the values L 0 of the TFN obtained by the BFA approach. For instance, project X (L 0 = -3 133 934) is less risky than project Y (L 0 = -4 693 731) because the extreme loss is lower for X than for Y.
• Optimistic scenario: the NPV is calculated by combining the most favorable values for each variable. These values correspond to the values U 0 of the TFN obtained by the BFA approach (Fig. 12) . For instance, project X (U 0 = 3 458 590) gives the opportunity of a lower gain than project Y (U 0 = 5 411 054). Then, classical analysis tends to choose X if you are risk advert, and Y if you are risk seeker. 
Data for Fuzzy
Rate Annual discount rate year 1 9.5% 10.5% 10.5% 11.5% 10.5% 11.5% 11.5% 12.5% year 2 9.5% 10.3% 10.8% 11.5% 10.5% 11.3% 11.8% 12.5% year 3 9.5% 10.0% 11.0% 11.5% 10.5% 11.0% 12.0% 12.5% year 4 9.5% 9.8% 11.3% 11.5% 10.5% 10.8% 12.3% 12.5% year 5 9.5% 9.5% 11.5% 11.5% 10.5% 10.5% 12.5% 12.5% 
3 500 000 3 500 000 3 500 000 3 500 000 4 625 000 4 625 000 4 625 000 4 625 000 The BFA approach generalizes that analysis. Namely, both projects can be compared according to different levels of possibility (called alpha-cuts). For instance, if we compare the intervals at the fully possible level (alpha cut = 1), then we notice the following fact: project X is more risky (L 1 X = -1 887 487 and L 1 Y = -1 202 627), but may generate a higher gain (U 1 X = 2 156 956 and U 1 Y = 1 496 186).
To globally compare two TFNs, various techniques may be used. The "defuzzification" methods are simple to apply. It deals with the reducing of information represented by the TFN into one average value, for instance the Center of Gravity, (CoG = (L0 + L1 + U1 + U0)/4). That approach gives 148 532 euros for X and 252 720 euros for Y, which implies an advantage for project Y. However, project Y is globally more risky than project X (uncertainty measured by the Area Entropy of each TFN: AEY = 6 401 799 pour AEX = 5 318 484). Therefore, the BFA approach confirms the classical analysis, with the advantage of continuous possible scenarios. Figure 13 exposes the results issued by the IFA, taking into account relations more or less identified by managers. Differences with the BFA deal with the following points (as represented by Fig. 14) :
Effect of the IFA approach on the choice of investment
• Decrease of imperfection: Area Entropy decreases by 38.5% for project X and by 38% for project Y.
• Suppression of the extreme scenarios: these values corresponded to combinations with no economic sense, as given the identified relations by the managers. This is specifically true for project Y, for which values L 0 and U 0 are strongly recentered.
• If project Y remains more risky than project X (AEX = 3 × 268 × 829 and AEY = 3 968 440), the difference is not so high as with BFA outputs, and the whole NPV is not any higher either (CoGX = 89 669 and CoGY = 87 670). Hence, the IFA approach reduces the imprecision of the expected NPV, and strengthens the decision making by suppressing a great part of the artificial imperfection. Let us suppose that a maximal potential loss is adopted as a constraint on the choice of investment, which is a current practice in management. Then, if the limit stands at -3.0 Meuros, then projects X and Y would have been rejected by the BFA approach, whereas the IFA makes clear that project X does not overcome that constraint. Conversely, the high potential gains expected by project Y were based on unrealistic combinations. Therefore, it seems reasonable that even a risk seeker may choose project X, because performance are quite similar, with less risky constraints (initial investment and expected sales lower, etc.). Finally, the formula of the IFA enables the manager to reduce the gap between the higher and the lower intervals. Applied to the problematic of the investment decisionmaking based on the Net Present Value criterion, this ability tends to diminish the numbers of scenarios, thanks to the elimination of unrealistic scenarios. It generates savings in costs and time, as well as a facilitated decision-making.
Conclusion
In this paper, we present a new approach of fuzzy arithmetic. Based on the use of relations into arithmetic models, this Interactive Fuzzy Arithmetic enables us to decrease the imperfection of the output, when one of the basic operator (+, -, ×, /) is used, which may be acute for decision making. We applied this approach to the Discounted Cash-Flows model to facilitate the choice of an investment, by diminishing the fuzziness of the Net Present Value. More generally, every arithmetic model in economic and management field may support the Interactive Fuzzy Arithmetic. -4 000 000 -3 000 000 -2 000 000 -1 000 000 0 1 000 000 2 000 000 3 000 000 4 000 000 5 000 000
Net Present Value (€) µ(x)
BFA X BFA Y IFA X IFA Y However some limits remain, that will be further studied: for instance, the IFA approach may be adapted to take into account a specific relation: time. Namely, fuzzy dynamic models are now studied (e.g. Maeda et al., 1996; Virant, Zimic, 1996) because the time dimension is very important for management and economic purposes.
Finally, the approach proposed into this paper is a first proposal that should be further generalized to develop Interactive Fuzzy Arithmetic in order to implement models in real field of economics and management.
